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An interacting pair of polyacetylene chains are initially modeled as a couple of undimerized
polymers described by a Hamiltonian based on the tight-binding model representing the electronic
behavior along the linear chain, plus a Dirac’s potential double well representing the interaction
between the chains. A theoretical field formalism is employed, and we find that the system exhibits
a gap in its energy band due to the presence of a mass-matrix term in the Dirac’s Lagrangian that
describes the system. The Peierls instability is introduced in the chains by coupling a scalar field to
the fermions of the theory via spontaneous symmetry breaking, to obtain a kink-like soliton, which
separates two vacuum regions, i.e., two spacial configurations (enantiomers) of the each molecule.
Since that mass-matrix and the pseudo-spin operator do not commute in the same quantum represen-
tation, we demonstrate that there is a particle oscillation phenomenon with a periodicity equivalent
to the Bloch oscillations.
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Quantum mechanical particles moving under the influ-
ence of a constant electric field and submitted to a pe-
riodic potential oscillate instead of moving with uniform
acceleration. This phenomenon is called Bloch oscilla-
tions and were predicted theoretically by F. Bloch in 1928
[1]. Such oscillations have never been observed in a nat-
ural lattice because the characteristic times of the elec-
trons scattering by the lattice defects, or impurities, are
much shorter than the Bloch period. As a consequence,
during a long time these oscillations were seen like a mere
theoretical curiosity to demonstrate the strange proper-
ties of matter, according to quantum mechanics princi-
ples. However, they have been recently observed exper-
imentally in semiconductor superlattices[2, 4–6, 8] and
with larger periods, of the order of ten seconds, in stron-
tium atoms trapped by laser beams, cooled at temper-
atures close to absolute zero. In the former case, the
dependence of the Bloch frequency on the electric field
makes the oscillations tunable, yielding a potential source
of coherent high frequency radiation and, in latter case,
the constant external force was the terrestrial gravita-
tional field itself [3].
These oscillations can play an effective and important
role in quantum electronics, due to development of the
physics of quasi-unidimensional molecular structures, as
polyacetylene[9] and graphene ribbons [10, 11]. Poly-
acetylene consists of a linear chain of carbon atoms, cou-
pled to each other with alternating simple and double
chemical bonds, that can be obtained via acetylene poly-
merization. It is an organic polymer with special elec-
tronic properties. Thin films of this polymer produced
under special doping conditions are excellent conductors
that can be used to develop electronic devices in the
nanometer scale[14]. Due to its dimensionality we can
model the undimerized polyacetylene as a linear chain of
carbon atoms with periodic boundary conditions and a
Hamiltonian based on the tight binding model. In this
approach, the valence electrons are strongly bound to
the carbon nucleus, but it has a nonzero probability of
traveling along the chain due to translational symme-
try of the model. As a result the electrons have energy
E = ±pvf , when calculated close to the Fermi level, in-
dicating that carriers can be considered as relativistic
particles with zero mass, where the Fermi velocity plays
the role of the light velocity[15, 16]. Therefore, that sys-
tem can be described by a Dirac Lagrangian without the
mass term, where the bi-spinor entries are the wave func-
tions of electrons propagating to left or to right in the
chain. The zero mass term implies a lack of gap be-
tween the valence and conduction band in the system,
generating a Dirac semimetal. However, the polyacety-
lene is an insulator or semiconductor, depending on the
density of impurities. Such behavior can be explained
by Peierls instability[17, 18]. There are many technolog-
ical advantages for polyacetilene to be a semiconductor
instead of a semimetal. The presence of a gap would
increase the on-off ratio for current flow that is needed
for many electronic applications. In graphene, for ex-
ample, gaps can be produced by geometrically confining
graphene into nanoribbons with impurities[12, 13].
Peierls[17] showed that the undimerized polyacetylene
chain is not stable, at least at ordinary temperatures, and
2has introduced a deformation that approximates (circa
0.04 A˚) the carbon ions having double bonds and sep-
arates them from those with single bonds. Such a pro-
cess of dimerization is called Peierls instability [17, 18],
and generates a gap in the band structure. In field
language, that corresponds to add to the above men-
tioned Lagrangian a term which couples a scalar field
to the fermions of the theory. This dimerization pro-
cess breaks chiral symmetry spontaneously, transforming
such coupling term in a mass term, generating the one-
dimensional soliton structure denominated kink, a topo-
logical defect which separates two regions with stable and
different spacial configurations (i.e., vacuum states) of
the molecule, called enantiomers.
Here we propose that bringing two undimerized poly-
acetilene chains close together generates a gap in the
chain’s energy band. Moreover, the presence of the ad-
jacent chain is responsible for an electronic oscillation
along the other chain. To model this system we start
with two undimerized polyacetylene chains, separated by
a distance b (see Figure 1) along the y direction and com-
posed of carbon atoms separated by a distance a along
the x direction where the electron can propagate through-
out the chain. The Hamiltonian describing the system is
given by
Hˆ = −t
∑
i
C†iCi+1 +
∑
i
U(y)C†i Ci + h.c, (1)
where t is the hopping integral between sites in the same
chain. The second term in the hamiltonian is the energy
of the electrons due to the presence of the neighboring
chain. Here we assume that the electron is trapped by
the paired carbon atoms between the two chains, along
the y direction. Such potential can be represented by a
Dirac’s double well potential, where each well is related
to the carbon atom, and can be expressed by
U(y) =
−α~2
2meb
[
δ
(
y −
b
2
)
+ δ
(
y +
b
2
)]
. (2)
The potential depends on the distance b between the two
chains. A particle in such potential has the energy given
by −εn, with εn > 0, which are the eigenvalues of the
second term in the above Hamiltonian. It is possible
to show numerically that such energy eigenvalues are al-
ways lesser than the energy of the electron in a single
Dirac’s potential well, indicating that, in normal condi-
tions, certain diatomic molecules are more stables than
the correspondent single atom (H2 and H , for example).
The index n of εn is to designate the fundamental and
excited states of the confined electron, if the latter state
exists. In H2 again, there are only the fundamental state
[7].
The expected energy value for this system is
E(kx) = −2t cos (kxa)− εn. (3)
b{
y
x
FIG. 1: The coupled undimerized polyacetylene chains sepa-
rated by a distance b
The first term in the above expression can be seen as
a particular case of the one found in Ref.16 when ∆ = 0.
Expanding the above energy around the x−component
of the Fermi vector, kx = (pi/2a)
E = ±vFxpx − εn, (4)
where the momentum px = px − pFx = ~(kx − kFx) is
taken relative to the Fermi level. The Fermi velocity
vF = 2ta/~, (5)
and the ± sign indicates that the electrons can travel in
both directions in the x−axis. The electronic energies
are quantized and are different depending on the prop-
agation direction. Two wave function equations can be
constructed related to the energies in Eq. 4
i~
∂ψR,L
∂t
± i~vFx
∂ψR,L
∂x
ψR,L + εn = 0. (6)
The upper(minus) sign is related to the electron prop-
agation in the right(left) direction. We can now write
the Lagrangian satisfying the Euler-Lagrange equations
which are the wave equations defined in Eq.6
L = i~vFxΨγ
µ∂µΨ− v
2
FxΨMΨ, (7)
where Ψ =
(
ψL
ψR
)
and Ψ† =
(
ψ†L, ψ
†
R
)
. Here γµ =
(γ0, γ1) are the γ matrices satisfying the anticommuta-
tion relation {γµ, γν} = 2gµν . Since we have 1 + 1 di-
mensions we are working with two-component spinors,
and the γ matrices can be written in terms of the Pauli
matrices. Therefore, we choose the representation where
γ0 = −σ1 and γ
1 = iσ2. The mass matrix is
M =
εn
v2F
γ0 =
(
0 − εn
v2
F
− εn
v2
F
0
)
. (8)
The mass term in Eq.7 indicates that a natural energy
gap given by the eigenvalues (∆E = 2εn) of the mass-
matrix appears in the system.
3In order to make the model more realistic, the Peierls
instability is introduced in the two chains via sponta-
neous broken symmetry by adding the term |φ|ΨΨ to
Eq.(7), where |φ| is the constant value assumed by the
scalar field out of the kink-like defect. That scalar field
represents the local deformations of carbon ions induced
by the Peierls instability. The fermion Lagrangian is now
L = i~vFΨγ
µ∂µΨ− v
2
FxΨ(M + |φ|I)Ψ, (9)
where I is the 2×2 identity matrix. The new eigenvalues
of the mass-matrix which appears in eq.(9) are |φ| ±mn,
where mn =
εn
v2
F
. The gap is shifted in the band structure
in a way that the Fermi level is not divided symmetrically.
But the value of the gap width remains the same.
We can now define two chiral electronic eigenstates [22]
as
|L〉 ≡
(
1
0
)
c
and |R〉 ≡
(
0
1
)
c
. (10)
In this chiral representation the eigenstates are related to
the electron itineracy to the left and right, respectively.
When normalized, these states are eigenstates of the pro-
jection operator PL,R. It is responsible for the projection
of the pseudo-spins along the electron propagation direc-
tion:
PL,R = ±σ3. (11)
In the mass representation the mass operator M + |φ|I,
has eigenvectors
|M1〉 ≡
(
1
0
)
m
and |M2〉 ≡
(
0
1
)
m
, (12)
that does not commute with PL,R. As a result, chirality
and mass cannot be measured simultaneously. There-
fore, we have two representations for the electrons that
can be related to each other by the unitary transforma-
tion U |M〉 = |C〉, where |C〉 e |M〉 are general states
of chirality and mass, respectively. The simplest unitary
matrix that can be used is
U ≡
(
cos θ − sin θ
sin θ cos θ
)
, (13)
where we call θ a mixing angle.
Next, supposing the Hamiltonian is diagonalized in the
mass representation
Hˆm =
(
E1 0
0 E2
)
, (14)
where E1 and E2 are the possible electrons “mass” ener-
gies. We can write the Hamiltonian in the chiral represen-
tation using the similarity transformation Hˆc = UHˆmU
†
or, in terms of the Pauli matrices:
Hˆc =
(E2 + E1)
2
I +
(E2 − E1)
2
Γ (15)
where Γ = σ1 sin 2θ − σ3 cos 2θ, and I is the 2 × 2 iden-
tity matrix. From the above equation we can see that
Hˆc is not diagonalized which implies that there is a tran-
sition between the chiral states left and right. In the
Schro¨dinger representation a chiral state can evolve in
time from its initial state by
|C(t)〉 = exp
(
−i
Hˆct
~
)
|C〉, (16)
where |C(0)〉 = |C〉, or writing in terms of the mixing
angle θ
|C(t)〉 = exp
[
−i
(E1 + E2)t
2~
]
× (17)
(cosωtI − i sinωtΓ)|C〉,
where ω = (∆E/2~).
Considering that the electrons are propagating to the
left in the initial time, i.e. |C〉 = |L〉, and knowing that
σ1|L〉 =
(
0 1
1 0
)(
1
0
)
c
=
(
0
1
)
c
(18)
and
σ3|L〉 =
(
1 0
0 −1
)(
1
0
)
c
=
(
1
0
)
c
(19)
we get the solution to the chiral state at any particular
time
|C(t)〉 = exp
[
−i
(E1 + E2)t
2~
]
[(cosωt+ i cos 2θ sinωt)|L〉
−i sin 2θ sinωt|R〉] . (20)
The equation above shows that an electron initially in
a “left” state ends up in a superposition of “left” and
“right” states. They oscillate and after a time t they
have the probability of being in a chiral “right” state
given by
PL→R = |〈R|C(t)〉|
2 = sin2 2θ sin2 ωt, (21)
and the probability of them to return to the “left” state
is
4PL→L = 1− sin
2 2θ sin2 ωt. (22)
We are now able to calculate the oscillation period of
the electrons. This period measures the time of one elec-
tron initially in the left state goes to a right state and
turn back to a left state. That will happen when t = pi/ω.
If we consider the electron “mass-energy” states with
(|φ| ±mn)v
2
Fx eigenvalues, then ∆E = 2mnv
2
Fx (the gap
width). Therefore,
T =
pi~
mnv2Fx
=
pi~
E
. (23)
The two possible directions of the electron propagation,
its chirality, are related to the two possible configurations
(enantiomers) that the molecule can have.
The energy needed for the electrons to overcome the
distance a between the atoms is equal to the gap energy
(2mnv
2
Fx = 2E). Then, a constant external force capable
of making the oscillation must do a work equal to Fa, it
means Fa = 2E, or E = Fa/2. Substituting that in Eq.
23 we have
T =
2pi~
Fa
. (24)
This expression is exactly the same as the period of Bloch
oscillations [23].
In summary, we have shown that two paired and ini-
tially undimerized polyacetylene chains has an electronic
energy band with a gap. Moreover, the pairing of the
polyacetilene chains is also responsible for the quantum
oscillation of the electron propagation. This oscillation
comes from the fact that we cannot measure the chirality
and mass simultaneously, and we have shown that it is
equivalent to Bloch oscillations.
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